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ABSTRACT 


This paper is an attempt to model the effects of price 
change of a primary input factor into a segment of an economy. 
The primary input factor referred to is petroleum and the 
segment of the economy, the energy sectors. Labor is 
considered as another primary input factor. 

Market equilibrium is assumed to be stable and the 
disturbance caused by a price change in a primary input 
factor results in anew equilibrium state. Three approaches 
are made to define or specify this new state of equilibriun. 
Input-output economics is the primary basis of all the three 
approaches. Having analyzed and defined the new equilibrium 
state gave results that could serve as bases in making policy 


measures relative to the nature of the disturbance. 
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I. INTRODUCTION 


An economy or a segment of an economy is said to be in 
a state of equilibrium if all goods and services available 
for consumption are cleared at the prevailing market prices 
and that all productive factors that are offered at the 
prevailing market prices are fully employed. Such an 
equilibrium may be stable or unstable. A disturbance is 
encountered when a change in price of the consumption goods 
or of the productive factors arise. Quantities demanded 
change and the market adjustment mechanism is assumed to 
work until a new equilibirum is reached. 

This study attempts to formulate alternative approaches 
in defining or specifying a new equilibirum state as a 
result of a disturbance ~— a change in price of one input 
factor of production. The study assumes stability of 
equilibrium, i.e., a disturbance results in a return to 
equilibrium. It is envisioned that being able to define 
this new equilibirum state could give some meaningful bases 
in making conclusions and policy measures relative to the 
nature of the disturbance. 

The industries or sectors referred to are the energy 
sectors, or those industries which use energy-generating 
materials as a primary input. Labor is also assumed to 
Bewanother primary input factor of production. The energy- 


generating material referred to is crude oil or petroleum 





and that substitutes available are assumed to be negligible 
(this could be particularly true for non-oil producing 
countries). No attempt is made to state explicitly these 
sectors. It is assumed that input-output matrices of 
coefficients for both primary and intermediate inputs are 
available. However, this study is more hypothetical than 

real. The references to petroleum and labor provide motivation 


in the possible application of the analysis. 





Pee oeeNeatons OF THE PROBLEM 


A. CONSEQUENCES OF CHANGES IN PRICE OF AN INPUT FACTOR 
1. Change in Quantity Demanded 
A change in price of one input factor will change 
the quantity demanded. Figure 1 below shows a simple demand 
curve. If w represents the quantity of goods demanded and 
p its price, the function w= d(p) is generally assumed 


to be downward-sloping. 


Price 





W 


4 oO A 
W W Quantity 


A DemandCurve 


Pines I 


Suppose the present unit price of w is iD” then the 
quantity demanded is wae Increasing p to pt decreases w° to 
wi, The change in the quantity demanded Aw = wo-wt 


represents a decrease in the total quantity of w which is 


an input factor. 
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2. Change in Quantity Demanded of the Other Factor 


Suppose there are two factors of production such 
that for producers to produce q as output, they need Wy and 


W. as their primary inputs, i.e., 
gq = E(w) ,W) ’ 


where f is a function which describes the relationship of 
how the inputs Wy and W, are related to q. The function f 
is called a production function. In the economic theory 
of production, it is asserted that there are a number of 
input combinations available to producers to provide a given 
level of output. It is assumed though that producers always 
use the "best mix" of inputs. Thus, a change in one input 
factor is expected to generate a change in the other. This 
will be further discussed in Sec. III below. 
3. Change in Levels of Output and Price 

Decreasing the amount of input factors results ina 
decrease in the output of an industry. The higher costs of 
inputs results in higher cost of production and producers 
will increase price. 

4, Change in Quantity Demanded by Consumers 

Assuming that the demand functions of consumers do 
not change, the reduced output of goods and change in prices 
affect the quantities demanded by consumers which in turn 
affect the level of production. Consumers’ demand functions 
may also change, however, the above-stated assumption will be 


maintained throughout the study to simplify the analyses. 


ALL 





B. THE PROBLEM DEFINED 


Figure 2 below illustrates the nature of the problem. 





q 4 q 


Supply Demand Curve tor One Indusiry 


Figure.e 


In this study it is assumed that each industry produces only 
one commodity. Let Sy be the present total output of an 
industry available for consumption and let gt be the present 
total demand from that industry. At the price pi, supply 
equals demand and an equilibrium exists. Now, suppose a 
disturbance occurs such that the supply of good q decreases 


from S, to S.. Associated with this change is an increase 


a2 





iiechie price of gq to ae. A change in quantity demanded from 
gt to q? occurs which is Aq. Suppose Aq = AS (AS = change 
in supply) exists, how will this state of equilibrium be 
specified or defined for n sectors or industries? 

The following three approaches are designed to define 
this state of equilibrium under some restrictive assumptions 
which will be spelled out in the course of the analysis. 


Input-output analysis is the primary tool used in all the 


approaches. 
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III. APPROACHES TO THE PROBLEM 

A. STATIC INPUT-OUTPUT ANALYSIS AND 

ASSUMED DEMAND ELASTICITIES 

The first approach to define a new state of equilibrium 
due to a disturbance uses static input-output analysis. The 
changes in the levels of outputs for final demand and the 
corresponding changes in prices of goods are calculated for 
each sector. These changes are assumed to be generated by 
changes in the quantities of primary input factors which are 
previously caused by a change in price of one of these input 
factors. Static input-output analysis assumes no production 
lag and a long run equilibrium. This analysis will attempt 
to specify or define this new state of equilibrium. To do 
this, at constant level of income, consumers! elasticities 
of demand for each good produced by each industry are assumed 
to be known and that their cross elasticities are assumed to 
be identically zero. Since, a change in price of a factor 
input results in a change in prices of the output goods, this 
is assumed to cause a decrease in quantity demanded by 
consumers. At the new equilibrium point, this change in 
quantity demanded by consumers for good i equals the change 
in level of output for final demand of good i. This is the 
underlying basis of this method in defining a new state of 


equilibrium. 
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B. STATIC INPUT-OUTPUT ANALYSIS AND AN 
AGGREGATE PRODUCTION FUNCTION 


The second approach to define a new equilibrium state 
uses also the static input-output model. However, this 
differs from the first in the sense that it assumes an 
aggregate production function that explains the relationship 
Seeehe tOtal inputs of alll sectors to the total outputs for 
final demand. The Cobb-Douglas production function is shown 
to satisfy the requirements of input-output economics and 
is therefore a valid function. The outputs are assumed to 
be expressable in the same units and an average price of 
output is calculated based on the profit-maximizing behavior 
of producers. From this average price, the prices of each 
good produced by each sector are estimated using the input- 
output matrices. Again at constant level of income, 
elasticities of consumers demand of each good are assumed to 
be known with all cross elasticities equal zero. At equili- 
brium, the total change in output due to the price increase 
in a factor input equals the total change in consumers' demand 
due to price changes of goods. From this point, the analysis 
is similar to the first approach in specifying the new state 


of equilibrium. 


C. THE WALRAS-LEONTIEF GENERAL EQUILIBRIUM SYSTEM 
This third and last approach to define an equilibrium state 
given a disturbance is included in this study to illustrate 


the complexity of attempting to calculate equilibrium solution 
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taking into account the consumer demand for goods, the price- 

cost equations, the input-output equations, and the demand- 

supply equations for primary input factors. The functions used 

in the second approach are verified to yield equilibrium solutions. 
Since, the above three approaches use input-output analysis, 

a flow diagram of inputs and outputs is drawn to give a picture 


of the basis of the equilibrium analysis. 


Inout Output 





Equilibrium Inter-Sectoral Flows Demand 
level ‘level 
lnaput-Output Equilibrium System 


Figures 


From the above diagram, the problem being studied is that 
given a disturbance which lowers the level of input from Ly 
to Lo, a corresponding change occurs in the level of output. 
At equilibrium, the level of consumer demand should be also 


at L Before proceeding to the various approaches, one 


De 
comment is made regarding the direction of the chain of effects. 


This analysis takes the disturbance to occur at the left-hand 
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side. However, consumers' demand also affect the level of 
output and hence the level of input. In the succeeding 


analysis attempts are made to cover this interdependence. 


Ate 





IV. THE FIRST APPROACH: STATIC INPUT-OUTPUT 
ANALYSIS AND ASSUMED DEMAND ELASTICITIES 
A. AN INTRODUCTION TO INPUT-OUTPUT ECONOMICS 
In input-output analysis, each industry is assumed to 
have only one output good or commodity. Thus if there are 
n industries there are also n goods. Each industry uses two 
basic types cf inputs, namely; the intermediate inputs and 
primary inputs. Intermediate inputs are those products of 
industries used as inputs by other industries. This includes 
the portion of output of an industry which it uses to produce 
its output. Primary inputs are exogenous factors of production 
generally classified as labor. For this analysis, petroleum 
is classified as primary input factor into the energy sectors 
or industries. The following discussion in input-output 
economics is aimed towards developing the equations that 
could give the change in the output available for final demand 
given a change in the quantity of a primary input. 


fe wne input Output Accounting Matrix 


Let x be the total output of industry i and x; the 


3 
amount of output of industry i used as input by industry j. 
Let y; be the net output of industry i. Then the over-all 


input-output balance equation of the whole system is: 


n 
(1) Sic | me ea oh Ys Fe lal ares 
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Also, let Whj be the amount of the he primary input factor 


Bominaustry J. Then, 


n 
(2) Ww, = 2 ine P= ee 2 7 Key 


where k is the total number of primary factors of production 


The above equations can be shown in table form. 


Intermedict2 Output fo 







inal pees 
Demand! Outout 





Intermediate! 





| 
Input a Xo 
From : 
n 
eiimary 
inet Ss 
Pee ee ein: Lie rex 
Figure 4 
Zee PF GOauccion Funetions 


In input-output economics, a fixed-proportion 


production function is assumed to explain the relationship 


between inputs and outputs. This function has the form, 
(3) q = c{min(w,/a,w,/b) ] 
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where c is a constant indicating the productivity of the 
whole industry and a and b are constants showing the way 

Wy and Wo should be mixed. Thus a units of Wy and b units 

Or Ww, are needed to produce c units of q. Input-output 
economics assumes that every industry uses the "best mix" [1]. 


Thus in general, 
(4) output = input/output 


To produce n times of the present output Gey it is necessary 


to have n times the present input eo 12634 


ng? = nx°?/constant 


This showsthat the production function in input-output 
economics has constant return to scale and that Wy and Wo 


cannot be substituted for each other. Thus 


(5) aa; = X54 /%5 and (6) Dy4 Be Wg? *5 ; 


where ai; and Das are constants and are called the intermediate 
and primary input coefficients respectively. The matrices 


of input coefficients can therefore be formed. 
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Define the matrices A and B such that, 


ayy a2 Aer an Bay Bi5 Rees Din 
A= Ao) an atene as and B = boy bo, seis bo, 
an an2 ater ae bia Dio eles Den 


A and B are the matrices of intermediate and primary input 
coefficients respectively. 
3. The Price Equations 
Let k = 2, i.e., there are two primary input factors 
of production and let ryrlo be their unit prices. Let 


Pye i=l,...,n be the unit prices of the gia good produced 


cal 





by the pe sector. Since long run equilibrium is assumed, 
profit equals zero and the cost of a unit of good equals 


its price. Thus for the a industry, 
n 
(7) an PiXs5 + Hy Me te To" 95 = P4%, 


Using equations (5) and (6), the above equation becomes: 


n 
B Beis a r)b..x 


a 49%5 + rok55%4 = P4%, 
x5 Cancels out and, 
n 
ae ee ap een + Sah = Ps 
In matrix notation, 
(7a) Ee tae + yb." = p', where P' and bite 


h=1,2 are transposes of the column vecotrs P and bh 
respectively. 
4. Gross Output Needed to Produce a Given Final Demand 


Substituting equation (5) in equation (1) gives, 


(8) 


ims 


PAM 





Define the vector of gross outputs and final outputs as: 


get ¥y 
X = “ and Y= ‘i respectively. 
x Yn 


In matrix notation equation (8) becomes, 


AX + Y = X , and solving for X gives, 


(9) Xx = (1-a)7ly 


where meat is the inverse of the matrix (I-A), I being 


an nxn identity matrix. 


5. Feasible Output 


The output of the economy or a segment of the economy 


is restricted by the available primary factor [2]. 


Writing 
equation (6) in matrix notation gives, 
cro) W= BX , 
where W is the vector of primary inputs. Substituting 


equation (9) in equation (10) results in: 


(11) w= B(t-a) Ly 





This equation is the relationship which will be extensively 
used hereafter. It can be seen that the final output vector 
Y is dependent upon the input vector W. 

6. Open and Closed Input-Output Systems 

The model described above is an open system since 

the final demand sector is assumed to be exogenous. A 
system is said to be closed if the consumer sector is considered 
as another industry, its input being the output for final demand 
and its output labor. In the present analysis, if petroleum 
were an import product, as it is the case for non-oil 
countries, it can be regarded as another primary input factor. 
The reference to static input-output analysis in this paper 


is interpreted to refer to open static input-output system. 


Bee CHANGE IN PRICE OF ONE INPUT FACTOR 

Assume without loss of generality that there are three 
energy sectors whose primary inputs are Wy and Wo Let the 
price of Wy be increased by Ar). Assume that the demand for 
Wy is a function of its price and is given by: 


av. Iknje og 


ms AL 
Cz) Wy = be 


and that the substitute for Wa is negligible. Define €) as 


the elasticity of demand for Wa such that, 


(13) é, = (x, /wy) (dw, /dr,) 
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* 
Solving for Eq 


-a log ry 
[r,/w,] [be l{d/dr, (-a log r,)] 


2a 


[r,/w,][(-ab/r,) (e? 799 71) 


Let Wy refer to petroleum and let Wo refer to labor. A 


change Ar, will result in a change in Wy demanded. Thus, 


(Aw, /w,) /(Ar,/r,) =a ’ or 


(13a) Aw, = aw, Ar,/r, 


Ne Ar, is positive then w, < 0. 
Since the industries use a fixed proportion production 
function, a decrease in Wy will mean an excess of Wo- This 


can be illustrated by Figure 5 below. 


* 
In economics, the negative sign for demand elasticity 


is usually understood and therefore not used. Thus, E, = a. 
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0 we 


we 
| 


Fixed Proportion of Input Factors 


Ww 
Pigune. 5 


The proportion of Wy and Wo is fixed and lies along the line 
OE which is called the expansion path. If q° were the present 


level of output at wt and wo quantities of inputs, then a 


Ona : o_O 
decrease of Ay se Wa SW results in an excess of Aw, = Wo-Wa 
& 


since Wa and Wy cannot be substituted foreach other and the 
fixed proportion of 6 has to be maintained. In other words, 
is only along line OE. It is 


the optimal mix of w, and w 


al 2 
assumed that the cost of labor ro remains constant and that 
the change in labor is absorbed by the other segment of the 


economy. 
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C. CHANGE IN OUTPUT FOR FINAL DEMAND 

Equation (11) implies that only a feasible amount of 
output is produced if the primary input is limited. The 
decrease in the amounts of wand Wo will cause a reduction 
in the total output and hence in the output available for 
final demand. This is based on the assumption that equation 
(11) is satisfied. 

Define Pee and fh5 to be the es ee element of the 
F matrix. Then F indicates the total requirements of primary 
imput per unit of final eek. For instance, the first 
column of F gives the total amount of primary factors 1 to k 
needed to produce one unit of output for final demand by 
sector 1. For two primary factors, the total amount of Wy 


and Wo are: 


ab 


I 
on 


(I-A) “Y , and 


Be 


Wo = bs (r-a) ly using equation (11) . 


For changes in input factor, similar equations can be derived. 
eS > 
Aw, = by (I-A) “Y , and 


(I-A) “yY . 


Ne 


* 
Reference [1], p. 77. 


a7 





If the number of factor inputs equal the number of sectors 


(k=n), then the equation AW = mie) 


Y has a unique 
solution, assuming that B is nonsingular. However if k “$n, 
there will be more unknowns than the number of equations. 


For the special case k=2 and n=3, 


Wy So Ble Be Saleen Prey nee 
Wo l Bolen 22) hae aly ree, © Sage, aie 


Assume that y, is given from the outside (Yy or y. may also 
be assumed and in the kxn case, n-k elements of the final 


demand vector had to be assumed), 


eg’ 3 fia Fu] 791 
Wo ~ £53Y3 fo. fa2| | Y¥2 
Solving for Yi and Yor 
f £ ea ee eee 
Yy ila se) dl oes) 
Yo foi = Fa2 Wo ~ £5373 
Or, 
Pai = 1c 
(14) yee 
Wo - £53Y3 
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where Y is the final demand vector less the third element 
Y3" and en is the inverse of the F matrix, with its third 
column corresponding to the assumed element of the final 
demand vector, removed. Thus, a change Aw, and Aws will 
cause a change AY}. AY> and AY3- Since AY3 has been fixed, 


AY, and AY5 ame: 


AY, S11 932 | | 4¥y 9 4) + 5 4wW, 
(14a) = = ' 


AY. Joi F22 | | 4% 55 ,4W) + Go24w, 


where Shy! h = 1,2 and j=l1l,...,3 are the elements of the Fre 


matrix, 


D. CHANGES IN THE VECTOR OF PRICES 
Now, recall the price equation (7a) which after solving 
for P, 


3 


poe ' —-nz)_ 
Pi (rjb, + rob,") (I A) : 


Expanding gives, 


nl n 
[eR r +++ rP,) = oe (ryby.trobos)esye sts fea (yb) ,trobo5) e521] 


A change Ary in the price of the first primary input factor 
will result in a change in the equilibrium price vector P. 


Thus, 
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- t es 
P+AP = [(r,+Ar,)b, + robo") (1 A) 


and solving for AP, 


cal 
ae t = 


It can be seen that if Ary is positive, AP is also positive. 


E. DEMAND AND INCOME ELASTICITIES 
Let q be the quantity demanded for the 122 good in an 


n-good economy such that, 


(16) ani = A(py Posse ePyet) ’ 


where Pj is the price of the ess good, I is the total level 
of income, and h is the function that relates q; to prices 

and income. Taking the total differential of equation (16) 
oq. dq. 

ed dpest = dT ie os ae 


aie a 
ee 


mS 


dq; = 


Dividing through by qy and multiplying each element of the 


first term on the right by P4/P5 and the second term by I/I, 


n 


0q;/4; 6q;/9; 
dq;/d; = “al ‘oma ay 25 a (—sy7y—) (4I/T) : 
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oq, /q. 
te : ; ae 
But 3p5/P; = E55 which is the elasticity of demand of the 


dq. /q. 
aan good with respect to the pen price, and ieee =n, 
which is by definition the income elasticity of the se good. 


Thus the above equation becomes, 
n 
(17) dq; /q,; = 2 Ei: dp/p, ama 1) Giga 7. 


Increasing all the prices in the same proportion as Y, 
ee. y ap;/P, = @I/I for all j, then the relative change 
in quantity demanded is zero. Or, dq. /qs = 0. Hence 


equation (17) in expanded form is: 


€110P4/P, + +++ + €),9P,/P, n, 41/1 
E41 OP) /Py Faas + EWF Pr/Pr n,ai/i 
(e54 + Es ae eee 2 En) = ne oe tl esa el 


Thus the sum of all the price elasticities for good i equals 
the income elasticity for that good. In the special case 
of all cross elasticities are zero, then ¢€.. = €:, =MN, , 


11 1 at 


or own price elasticity equals income elasticity. 


on 





F. AN EQUILIBRIUM SOLUTION 

Let equation (16) be the demand function of consumers 
for the qe good. Assume that the level of income I is 
constant and that all cross elasticities are identically 
zero. Thus, €; = ny for all i. Before the disturbance, 
i.e., before the increase of the price of one primary factor 


Wy from ry Lo r, +4r,, all goods are cleared at market 


price, i.e., 
Supply = Demand , or 


(18) Veo= Ge 3 Dieses 
where uae refers to the output of the jee sector available 

for final demand and qy is the total demand for the qe good. 
After the disturbance, ve changes by the amount Ay; and qi 

by the amount Aqsa the former being due to the reduction in 
the amount of input, and the latter due to the price increase 
of goods. Again, for the special case of two primary input 
factors and three sectors (k=2,n=3), assume that Ay, is 


given. Thus the equilibrium to exist, it must be that, 


yelp Ay) and Aq, = Ay>- 


Ba 





Using the elasticities of demand, + 


Aq,/4, 
AP]. 43) 1 1s, 1 t 
or 
(19a) Aq, aa €79) AP,/P, ’ and 


By equation (18) q = YY and GI = Yo: and by equation (15), 


b and 


AP) = Ar, a 


3 


ll Mw 


aol: 


b 


ee ae) 2352 ' 


a 


ims 


where Ci4 is the q-5 eh element of the (r-a) 72 Matrix. Or 
AP, = Ar, z ’ and 
AP. = Ar, Bo ’ 


3 3 
where aT = 2 ie ee ead ro = oa Do 5%50 : 


lelasticity of demand is loosely used here. The elasticity 
referred to is the arc elasticity which is due to finite 
Ganges Ap and Aq. See Ref. [2], p. 18. 
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Equations (19a) and (19b) become, 


(20a) Aq, = €,4r) fy Y,/P, 


(20b) Ad = E,Ar, r5 Yo/P5 : 


At the new equilibrium state, it must be that Aqy = Ay, 


and Aq. = Ay>- Using equations (14a) and (20a), 
eee on Se 

From equation (13a) , 
Aw, = aw, Ar,/r, . 

Also, the fixed proportion of inputs is, 
Aw, = SAwy : 


Hence, 


€,Ar,2i¥,/Py = 9, a, Ar) /r, + 9, 2Sawy Ar) /ry, ; 


(21) ry/Py = (a/e,) (wi /y,) (Giy + S,o)/2, - 
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Similarly, 
(22) Tae ice na?) (Gey * 6aqp)//25 


G. SPECIFIC RESULTS 
Equations (21) and (22) show that under the following 
assumptions: 


1. ais the elasticity of demand for w, (petroleum), 


al 

oe Wo will change proportionately with Wa and that the 
change in wo (labor) is assumed to be absorbed by 
other segments of the economy, 

Sa Es is the elasticity of demand for good i and that 


Ei4 —mOMEeGOr ali 1 and 4 jae), 2,9 — lassen, a 
disturbance given by a change in price of one of the 
input factors will result in a return to equilibrium 
and such equilibrium is attained if equations (21) 
and (22) are satisfied. 
In words, equation (21) states that the ratio between the 
price of the input factor whose price is changed to the 
price of good i is equal to the ratio of their elasticities, 
multiplied by the ratio of their equilibrium quantities, 
times a constant which is determined from the underlying 
technology of the input output system. A similar statement 
can be made for the ratio r,/P5 which is called the "cross 
price ratio." Note however that these results are only 
restricted to the case of two factor inputs and three sectors. 
The ratio r)/P3 could be arrived at if either Ay, fone AY5 were 


assumed to be given. 
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H. A GENERAL RESULT 

Assuming that there are two factor inputs and n sectors, 
a general result could be arrived at. Setting any of the 
n-2 output goods as exogenous, the change in the output for 


final demand of any two sectors can be solved. Using equations 


(11) and (14a), 


AY; Tq gs al Sig iy a ee 
— == a 
AY, Soi 923 aw SERA wee AGN 
where i,j =1,...,n and if j . By similar reasoning as in 


the k=2,n=3 case, 


(23) r,/P; = Ca/es) (wy/¥ 3) (oy 5 4 8944)/2)5 a ly esc pty 
n 
and i#}. where Lay = ¢£ Bie  €5 the elasticity of 


t=1 
demand of the ith good and ve the output for final demand of 


the jth sector. 


Similarly, 


(24) r4/P. = (a/es) (wi/¥5) (do; + 8995) /T 95 oe ire Ea ner arog 
n 
were 2. = E£ b.,c,- + 
2) ay 2t bp 


a0 





Equations (23) and (24) can be expressed in a more compact 


form: 


(23a) L/P; (a/e;) (wy /y;) Ky; , where Kj; = (955 +99,5)/2)5 


and 


(24a) r,/P. 


4 (a/es) (wy /y5) Ko, , where Koy = Slog WOE a2 ag 


For this first approach in specifying or defining a new 
equilibrium, such state can be attained if equations (23) 
and (24) are satisfied under the restrictive assumptions 
previously stated. At equilibrium, the ratio of the factor 
price to the price of goods produced is independent of the 
level of production or output as long as the relative amount 
of input and output does not change. This result is 
consistent with the homogeneity of degree 1 of production 
function (constant return to scale) in input-output economics. 
Moreover, this price ratio r4/P; may be changed by varying 
the values of some of the parameters in the equation. The 
next section is devoted to exploring this point. 

I. MINIMIZATION OF PRICE INCREASE FOR EVERY 

UNIT INCREASE OF FACTOR PRICE 


Solving equation (23a) for the price gives, 


Pp, = (e,/ad(y;/vy)r) Ky: 


ay 


f 





Take the partial derivative of P; with respect to r)- This 
gives the slope, i.e., the rise in price Py for every unit 
increase in the factor price ry: Thus. 


(25) op, /or, = (e;/a) (y;/w)) Ki, = Ca 


Figure 6 shows this linear relationship between Py and r). 





r 


Piece, icc <S [nuut Factor Price 


Figure 6 


The obvious objective is to minimize the price increase 
in P; for every unit increase of ry: This can be done by 
Minimizing the slope 6. Since 8 is a function of a number 


of terms, any of these terms or their combinations may be 
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changed which could affect the value of 6. Each of these 
terms will be reviewed as to their meaning and significance 


so that the necessary sensitivity analysis could be done. 


€. - the elasticity of demand of consumers for good i. 
This is considered exogenous since one can hardly 
control consumers' behavior and changes in taste. 

a - The assumed elasticity of demand by producers for 
petroleum. In reality, producers' demand for input 
factors are functions of consumer demand for their 
products. For the present analysis, this is 
considered a parameter. 

eT The current output for final demand of industry i. 
This is equal to the current demand for good i by 


the consumers. Yi is the equilibrium final output 


level. 
zs The present total quantity of primary input factor l. 
n 
ee i ee 
t=1 
Substituting Ki into equation (25), 

n 

(25a) 6 = (e;/a) (y,/wy) er By cp4)/ (944 + 6945) 


The term b t=1,...,n is the first row of the primary 


Seamed 
input coefficient matrix. Thus, one way to minimize 9 is 


to minimize Dit: This is equivalent to saying that industry 


a) 





should have more output for a given input. This is clearly 
a technological consideration. Moreover, changes in 
technology will also change the intermediate input coeffi- 


a 


cients which will affect the (I-A) ~ matrix whose elements 


are the e348. These elements are in the numerator of 
equation (25a). Reducing these elements will also reduce 6. 
However, care should be taken in this since some of the 
elements of (I-A)! are also embedded in the Sh 5 (elements 


(oye Ft} terms which are in the denominator. Further analysis 


of this is beyond the scope of this work. 
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V. THE SECOND APPROACH: STATIC INPUT-OUTPUT 
ANALYSIS AND AN AGGREGATE PRODUCTION FUNCTION 
A. INTRODUCTION 
This second approach in defining anew equilibrium state 

is slightly different from the previous one. This analysis 
still uses the structural base of an input-output system. 
However, one bold assumption is made, and that is, the 
aggregate input and output relationship in the input-output 
system can be explained by an aggregate production function 
which satisfies all the requisites of an input-output system, 
which are: (a) constant return to scale, (b) non-substituta- 
Micy of factors of production, and (c) long run equilibrium. 
The Cobb-Douglas production function is shown to satisfy all 
the above-stated requirements. Figure 7 shows the basic 
structure of this approach. This figure shows that 
Q= £(W,,W.), where Q is the total output available for 
final demand, and W, Wo are the total primary input factors 
of production. The function W = g (X10 50P) is the demand 


function for the vector W by the producers. 
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for Factor 







Q=t(W, Wo) 


We g Gi, oP ) 


Net Final 






Demand 


Input Output System and an 
Aggregate Production Function 


Figure 7 


B. THE COBB-DOUGLAS PRODUCTION FUNCTION 
1. Degree of Homogeneity 


thes proguction function, 


(26) q , where atf = 1 and A = constant 


tl 
Y 
= 
re 
= 
NOW 


has a constant return to scale or homogeneity of degree l. 
Increasing the input by a factor of n increases the total 


output also by a factor of n, i.e., if 
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q” = £(w,,Wo) =A wt w5 , then 
gi = £(nw, -nwo) = A(nw,)* (nwa) ® = An wi w5 
Sig. 


2. The Marginal Productivity 
The Marginal Productivity (MP) of a given input is 
the partial derivative of the production function with 


respect to that input. 


I 

Fh 
a 

ll 

8 

= 
ee 

= 


(27a) dq/ ow, = 


(275) aq/3w. = 


| 
th 
Tl 
> 
fF 
I 
= 
< 
< 
No 


The value of the MP of which is equal to pf), p being the 


eh 
price of output g, is the rate at which the entrepreneur's 
revenue would increase with further application of Wy: The 
first order condition for profit maximization requires that 
each input be utilized up to a point at which the value of 
its MP equals its price. This can be seen by maximizing the 


profit equation with respect to Wy and Wo [3]. Let tw be 


defined as the profit, 


Tt = TOTAL REVENUE - TOTAL COST . 
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The total revenue is equal to pq and the total cost is 


r4Wy ~ row. + b where b is the fixed cost. Thus, 
T= PQ - YyWy ~ LoWs - isis 


Taking partial derivatives with respect to Wy and Wo and 


equating to zero, 
om/ aw, = pf) - r= 0 and 
am /aW> = pf, - rn = 0]; ex 
(28a) pf, = 7) and 


(28b) pf, = Fo 
which is as claimed. 


The second order conditions for profit maximization 


require that, 


2 2 
A) T/OW, 


Pfii < 0 
and 


S 2_ 
P) T/ dW. = pf o> <a, 
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These conditions imply that further application of either 
W, Or Wo will decrease profit. Furthermore the determinant 


of the Hessian, 
2 2 2 
p) T/ OW, P) 1/ dW4Wo £ 


2 2 2 
B) 1/OWyWo P) 1/ dW. £ ie 


implying that profit decreases with further application of 


1 
both Wy and Wo 


3. The Expansion Path and Isogquant Lines 
Dividing equation (28a) by (28b), 


(29) r,/r> = f,/f, z 
For the Cobb-Douglas function, 


ae (aawS *w3~%) /( (1a) Aww") 


aws/(l-a)wy ; or 


(30) (l-a) rw - aXoWs = On iz 


This equation describes a linear expansion path. Figure 8 


shows this path. 


lreference Tele Sele ate o 
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o 
0 Ww ; Vey W 


Expansion Path and Ilsoauant Lines 


RLOnite 6 


Note that aa is the output level for inputs wt and wo and 


qi for inputs wi wy . Where there is factor substitution , 


ee 
the same output level can be attained by a number of 
combinations. This set of combinations is given by the 

dotted lines through Go and gt and are called the isoquant 

lines (the same quantity level for different input combinations). 
However, if there were no factor substitution, such as in 
input-output economics, the levels (go and qi couldvonly be 
reached by the mix Sie and nr , and xq and x5 , respectively. 


For example, if the quantity of Wy is reduced from wi to wy 
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there will be an excess of wo - w5 and the level of output 


that can be attained given the present technology is qt. 
The production function used in this approach is assumed 
to have no factor Subse1eution. 

4. Euler's Equation 


Euler's equation states that for a homogeneous 


function of degree Z, 


C31) wif. +w f., = Z E(w, .w 


jon 8 2) - 


For the Cobb-Douglas function, 2=1. Substituting in the 


above equation gives, 


(31a) wif) twat. = ¢ A Wena 


op ily dhe mon) 


W, (aAw, Wo ) + wo ((1-a) Aw we =q, and 


(32) aq + (l-a)q=q . 


This means that if each factor is paid by its marginal 
product, the total output is distributed between Wy and Wo 
in the proportions o and (l-a) respectively.+ 


Using the first order conditions given by equations 


(28a) and (28b), 


pf, = 5h and pf. = 5 


lreference (Sia. ol. 
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and multiplying through by p gives, 


Substituting equations (28a) and (28b), 


(33) WiXy + Wor, = Pq ; 


Thus regardless of the level p, the long run total factor 
payment equals the revenue. 
oa LOtal acter Income and the Cobb-Douglas Parameter 
It is noteworthy that for the Cobb-Douglas function, 
the parameter a which is the exponent of Wy is equal to the 
total expenditure on petroleum divided by the total 


expenditure of the energy sectors. That is, 


Taking partial derivatives with respect to Wi 


le 
dq/ dw, = Aawy W> = ag/wy ‘ 

Dividing both sides by q/wy ' 

(34) (dq/q) (dw)/w,) =a . 
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Using equation (28a), pf, =X, 4 
p aq/ow, =X, 

and substituting equation (34), 
apq/w, =, +s OF 

(35) a = wyr,/Pa , 


which is as previously claimed. Thus, for empirical 
analysis and application of this approach, the parameter oa 
for petroleum could be calculated. 

From all of the above discussion, it is seen that 
the production function of the Cobb-Douglas type satisfies 


all the requirements of an input-output system. 


C. INPUT DEMAND FUNCTION 
1. The Demand Equations 
The profit-maximizing producers’ demand for Wa and 
Wo is dependent on the consumers’ underlying demand for his 
products q. Using the Cobb-Douglas function, form the profit 
equation and set its partial derivatives equal to zero. 


T= pawSw5 ea roWo a eles flee 


lig ath =< 1, the preduction function is strictly concave 
for all Wy and Wo greater Enane zero, Ref. [3], p. 61. 
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paawotw8 ee 0 and 


om / OW, 
g-1 


o1/ dW. = pBAwsW>5 a oe 0. 


the corresponding demand equations 


Belving for Wa and Woe 

are: 

(36a) De ee aye tap) 7 Y 
ey, = (0/rq) (8725) tap) 


where y = l-a-fé . 


It can be seen that the demand for Wi and Wo decreases as 
ry and ro increase, and increases as p increases. 
2. The Elasticities of Demand 


From equation (13), 


™ 
} 


i (dw, /w.) (dr, /r}) 


ry enpey ce iayaan "(8 /r) 0" (Ap) 


(B= 177, 


t Reference fol peo. 
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Sumidariy, solving for Eos E49 and Eo! 


E> = (a-1)/y 
Ea ae 7Y 
Eo, = ~a/yY s 
where E19 and Eo, are cross elasticities of demand. Cross 


elasticity of demand is defined as the ratio of the 
percentage change in quantity of one factor tothe percentage 
change in price of the other factor. For example, let the 
price of Wy increase by Ar). Using the elasticities of 


demand, 


€, = (Aw, /wy)/(4r,/r,) r 


1 €ywiAri/ry 


Specifically, Aw wo (Ar,/r,) (B-1) ¥ ' 


and, Awa = EgwoAr,/ry -w. (a/y) (Ar, /r) ‘ 


Thus for a change in price Ar, Of Wie 


1 and Aw, - 


the total change in 


quantities demanded is Aw 


D. CHANGE IN PRICE OF AN INPUT FACTOR 


1. Change in Quantity of Factor Inputs 
Let Q = £(W,,W5) be the aggregate production function 


of all the energy sectors where Ws = 9, (Fy +XgeP)s i=1,2, and 


SL 





p is the average price of the outputs of all sectors. Let 
Q be expressed in say energy units such that the unit of 
outputs of all sectors are all the same. Specifically, using 


the Cobb-Douglas function, 
(37) Q = AWows a 


and W, and W., are given by equations (36a) and (36b), 


2 
respectively. Let ry change by Ary Ue Laius, 


AW 


g = “Wolla/y)](Ar)/r,) .- 
Recall equations (14a) which is, 
io, Sp Chiat iu Chiba 
Nyy = Sy i as Syl eat 
and use AW, and AW, in place of Aw, and Aws respectively. 


Furthermore, assume the same consumer demand equation as 


given by equation (16), i.e., 


Wl 


qs h(py+Po7+++/P,,Income), and let 


ej, = 0 for i#j, i,j = 1y...on, 
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Under a state of equilibrium, supply of good i equals demand 


mor good i. Or, 
ye = oy P Dl os wk 


where yA and q; are the supply and demand of good i. After 
the disturbance, iG changes by an amount of Oy; and qy by 
the amount of Oq;.- 

The slight difference between the present approach 
and the previous one is that, there is only one price p for 
all goods. The disturbance causes the equilibrium price p 
to shift to ptAp. Thus it is necessary to find Ap. 

2. The Average Price 

Define fp as the elasticity of demand for Wa due 

fom. Then, 


e (dW, /W,) /(4_/p) 


et 


(W,/p) (c, (apy YT ayy = a/y 


where Cy poe 1 (B/z,)"’ * 


Also € (dW./W) (dp/p) = 1/y . 


2p 
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Suppose OW, has been found as a consequence of the disturbance 


Ar). Then, 


(AW,/W,) (AP/p) = 1/y , and 


(38) Ap = AW,py/W, . 


Note that the aggregate production function was only assumed 
to derive the change in the aggregate level of final output 


and its average price satisfying, 


eo) r,jW, + roW, = QP , 

where Wy and W, are the total input factors used. The 
assumption about an aggregate production function to express 
the relationship between total inputs and total output for 


fixed demand is valid if: 


where the first equation shows the equality of cost of total 
expenditures for factors 1 and 2, and the second gives the 
equality of total revenues for the aggregate function and 


the input-output system. 
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3. Estimation of the Changes in Prices of Output Goods 


ne n 
The average price p is equal to (2 p;)/n : 


i=1 
Using the price equation, 
=aill 
eae t ' = 
P' = (rb) + rob. ) (I-A) ; 
n 
ive a eens t Fabs 4) C44 . 
j=1 
For three sectors, 
3 
Py = a (rb), GP obo.) C54 ° 
s) 
Equation (15) states that, 
2 
Ap. = Ar Ee bec - 
ah al 4=1 1s iy 
Therefore, 
an 3 3 3 
Ap = (Ar,/3)[ 2 eae + = era eae Z b1 5°53! 
= j=1 j=1 
Thus, 
- 3) 3 
(41a) AP, = (3Ap/Ar,) - ie by5°52 - ei sy ata 
ahs j=l 
= (3Ap/Ar,) - Y10 - 43 
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(42b) AP> = (3Ap/Ar, ) = rel - 43 

(43c) AP, = (3Ap/Ar,) = rl = Bio ; 
3 

where, Qui = =a bi 5°54 : 


Hence, given Ap, the changes in prices of good i, i=l,...,n 


1 


can be estimated using the B and the (I-A) ~ matrices of the 


input-output system, 


E. AN EQUILIBRIUM SOLUTION 

Using the same procedure as in the first approach 
equilibrium is attained if the change in supply equals the 
change in demand, or 

Aq; = Ay; v ps ae rey 2 e 

Again for the special case of k=2,n=3, let Aq, = Ay3- 
At the current equilibrium point Y¥, = Gyr Gp = Ap and Y3 = 93: 
After the disturbance, the new equilibrium exists if, AY, = Aqy 
and AY. = Aq, > Using the elasticity of demand and equations 


(4la) and (41b), 


Aq, = €,9, (AP) /P,) €,¥, (AP, /P,) 
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and 


AG = €297(AP2/Po) = €2Y(AP2/Po) 


(e9Y5/Po) [3aP/Ar) - £4, 7- £43] 


Thus, 
ane ET = woes) 7 or 
(e7¥,/P) [34p/Ax] - yp - 245] = 9), 4W) + gy oW, . 


Since AW, = W, (B-l)Ar,/yr, , and AW, = “Woadrjs/yry ; 


substituting in the above equation, 
(€,¥)/P,) [3dp/Ar, - 2,5 - 243) 


Or, 
ry = 
Similarly, 


Yr 
1 =— 
BP) py 7 (br 1S2)/{ Kt avepy.ap/ar,)) ~ yey, (2742) 31} 
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Equations (44a) and (44b) could be written in a more compact 


form. Thus, 


: 7 2 2 " 
D a 
(46) r,/P» = (Ary G5) / (ARC, = Ar,R,) , where 


a= 3yes¥5 me Uae, 


ve) 
I 


ae mieen see end 
pee a Aas) 


Peo ECIFIC RESULTS 

It can be seen that equations (45) and (46) are similar 
to equations (21) and (22) respectively except for one 
important term, and this is the Ary term. This implies that 
the price ratio of factor input to output is not independent 
of the change in price. This is a more realistic finding 
than that made in the first approach. Solving equation (45) 


Lor Py and taking the derivative with respect to ry 
Pa — {or 2G,r )/ (Ape. = Ar. R.) 
alt ie l= 1 cl eal 
= 2 ais = 
(37) ap, /ar, = (Ar, °G,)/(dpc, - 4r)R,) = o> 
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which is the rise in P, per unit increase in ry (slope). 
Note that Ar, is considered to be exogenous and thus in 
taking the derivative with respect to rye it is considered 
a constant. Equation (37) reveals that » increases as Ar, 
increases. 

A more general relationship similar to the ones in the 
first approach could be derived for an n-sector and two 
factor input system. This will not be pursued though in 
this study. For this second approach, to minimize the 
price of Py for every unit price increase of ryr a similar 
procedure could be done as in the first approach. Moreover, 


¢ can be decreased by either decreasing Ar, or changing the 


coefficients of the input-output matrix. 
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VI. THE THIRD APPROACH: THE WALRAS~LEONTIEF 
GENERAL EQUILIBRIUM SYSTEM 

A. INTRODUCTION 

This model attempts to find an equilibrium solution 
taking into account the consequences of a change in price 
of an input factor, as stated in Section II. By now it 
can be realized that the two preceding approaches were 
attempts to bridge the gap between the input-output sub- 
system and the price valuation sub-system of the Leontief 
input-output model. The input-output subsystem basically 
refers to the production process, i.e., the relationship 
between inputs and outputs. Equation (11) completely 


summarizes this relationship, i.e., 


il u 


W= B(I~A) Y , where (I-A) “Y=x . 

The prices of the input factors as well as the output 
goods are separately determined. Thus there is the so-called 
price-valuation sub-system given by equation (7a), i.e., 


Pp! = (r b,' ae rob,") (I-A) + , £628 two input factors. 


Equations (7a) and (11) are entirely independent from each 
other. In fact this separability together with the assumption 
of fixed technological coefficients are the bases for 


simplicity of the Leontief input-output model [4]. In the 
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input-output sub-system, the final demands are usually 

set as variable constants or parameters. However, if the 
final demands are not parameters but variables depending 

on prices of both the output goods and the primary factors, 
then the model loses its simplicity. In fact a change in 
the price of a primary factor gives rise to various repur- 
cussions on prices of goods which in turn induce changes in 


final demands and hence outputs. 


B. STABILITY OF EQUILIBRIUM - WALRASIAN CONDITION 

A state of equilibrium is stable if a disturbance results 
in a return to equilibrium. It is unstable if it does not. 
The Walrasian stability condition is based on the assumption 
that buyers tend to raise their bids if excess demand is 
positive and sellers tend to lower their prices if it is 
negative. 

Let S = f(p) and D = g(p) where S and D are quantities 
supplied and demanded, respectively, and f and g are their 
respective functions that relate them to p, which is the price 
of good q (see Figure 9). The point E where supply equals 
demand is the equilibrium point. At E, ee is the quantity 


demanded and supplied at price poe Suppose a change in price 


Sener ence Pay; pee 3. 


2Reference [2 pe 132-136. 
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q 
Walrasien Stobility Condition 


Figure 9 


occurs and that the new price level is an, then the quantity 


demanded is greater than the quantity supplied, i.e., 


1 1 é a 2] ae 
qq > ae): There is an excess demand of Ada qg ae: 


Walras stability condition assumes that buyers will raise 


their bids say to p*. This will result in a negative excess 


Ce ce 
d dg 


price. Following the above reasoning, Walrasian stability 


demand gq < 0 which makes sellers tend to lower their 


assumes that the equilibrium point (q°,p°) will eventually 


be reached. 
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In general the Walras-Leontief equilibrium system 
consists of the following equations: 


1. Household demand functions for goods. 

2. Supply-Demand equations for productive factors 
3. Price-Cost equations 
A 


- Input-Output equations. 


Cc. ASSUMPTIONS+ 


1. The matrix A is non-negative and indecomposable. 
An nxn matrix is indecomposable if by permutations of the 


Same rows and columns, A cannot be transformed to the form, 


with square sub-matrices A, and A, on the main diagonal. 

2. The matrix A satisfies the Hawkins-Simon condition. 
This condition requires that the feasible gross-output vector 
X must be positive. The necessary and sufficient condition 
for there to be a positive solution for X for equation (9) to 
produce positive net outputs Y is that all principal minors 
of the (I-A) matrix be positive.” 

3. The matrix B is non-negative and that for each h, 
there is at least one j such that Bn5 eeU tee, at Least 


one sector uses the hee sbigy end oe 


1 Reference (Ag pan co ole 


eterence {2], p. 164. 
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4. Each Ve is a single-valued and continuous function 
Eemoeand ©, where p > 0, © > 0, and that (p,r) # 0. For 
any non-negative p and r such that r # 0, all y,'s are 
Pemenegative, and at least one of them is strictly positive. 

5. Each Wh is a single-valued and continuous function 
of p and r, where p > 0, r > 0, and (p,r) # 0. Moreover, 
if a 0, then ws 0. 


6. Each VR and w, is homogeneous of degree zero in 


h 
variables p and r and the following identity (the Walras Law) 


is satisfied: 
p'y(p,r) = r'w(p,r) , 


where p' and r' are transposes of vectors of prices, y(p,r) 
means that y is a function of p and r. The same interpretation 


holds for w. 


D. THE GENERAL EQUATIONS 
The general equilibrium system of the Walras-Leontief 
type is formulated by the following three equations: 


(40) X = AX + Y(p,r) 


expressing the equality between the demand and supply of 


goods, 
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(41) BX = W(p,r) 


expressing the equality between the quantity of productive 
factors employed and the quantities offered, and the last 
equation is the price equation which is similar to equation 


(7a), 1.e€., 


(42) pr = p'aA+ x'B 


Equations (40) and (41) are just generalized expressions 
of equations (9) and (10) respectively. Morishima- [4] 
claims that under assumptions 1-6, equations (40)-(42) have 


at least one solution such that X > 0, p > 0 and r>0O. 


E. VALIDATION OF FUNCTIONS WITH THE ASSUMPTIONS 
1. Assumptions 1-3, and 4 and 5 
Assume that matrices A and B satisfy the requirements 
of Assumptions (1), (2), and Ga). For simplicity of 
illustration, let there be two sectors and two primary 


factors (n=2, k=2). The equation for fixed demand is, 


loee Ba 20-26 
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Gy B 


Also, x, = AI) ws , and 
Qa.8 
a Ze 


Furthermore, equations (36a) and (36b) give, 


(aie B/Y ney, 
ie 1 iL A ia ae ak 

(1-B.) /Y Bary WA 
Zigset 2 2 Di 2D 2 

and 

eh (aan , Ae 

ie. Ae al, 1 1 aL 
Wee = (a) /xr) (B,/xr.) (A)P)) 

aay y Cle) /¥ LAY 

2 Ox Os 2 2 2 


The superscript on w refers to the industry demand. Under 
assumptions (4) and (5), it is clear that p ? 0, ry > 0 and 


= 


ro > 0 for w and y to be defined. 


Define w = g(r) +¥oP) and S is the subset of fo 
the 3-dimensional Euclidean space. Thus See R? and 
al 


g is the function that maps S to JcR he abnis es; 


line symbol < is read "sub-set of". 
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Define a point TO = (ooo) eS sueh that g (T°) = 3°. 


g is continuous at T° in S if for an € >0, there is a 6 70 
with the property! that 


Ig(tt)-g(t°| < ¢ 


whenever T! is in S and |rt-r°| lies within the ball with 
radius 6 centered at T°. For the function w = Q(X +LorP), 
S is the set of positive values of Yr and ry and non-negative 


value of p. Take any point T°? = (Ga Eene) sau ss 
(a) see) mnt °) "© (pyro ian’) 0 (a) 17 


Also, let point ct = (Ge See iio) such that ct lies within the 


ball with radius 6. Hence, 
(b) ere ctr | =" ((e/e (eyes % (ap) 4% 
Cee chy ns (ap) 
Z Re aie eee 0S) lence Mice) 31 (pt) 07 


e-) Beas) Co-1) 1Y (p°) 1/Y, : 


lone values of € and 6 are assumed to be close to zero. 
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As T' approaches T°, or taking the limit of g(t) as ct 


oes 
eeemoachnes T , 1.€., 


lim g(t?) ’ 
ql? 


the second term (in bracket) of (b) approaches zero since 


il 


by definition if ct approaches T°, i.e., T° 7T°, then 


Pacer’ j car , and se ak . Thus for a givene > 0, 
Ig (tt) -g(r% | < e¢ [5]. This is a non-rigorous proof of the 
continuity of w = Q(X ,LorP)- It is clear though that 

W(x) s%-P) is continuous over the region r, > ole ro > 10; 
and p > 0. Furthermore, it is assumed that w = 0 for 

c= 0 = ro. Ww is assumed to be non-negative and hence for 
the purpose of the present analysis, single-valued and 
Assumption (5) is satisfied. 


Now, 


Substituting Ww. = 9; (Ty rrorP), i=1,2, gives, 


ems = Ki (o/r,) ©) 7% (gr) 87 (apy 71 )* 


a/ry) /Y (8/25) OY (ap) 714 


KU (a/r,) Of (8/25) 8/7 (ap) (atB) /y) 
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This function is similar to (a) and hence X (wy ,W>) is 
continuous over the region Yr, > CF Yo? 0 and p > 0. 


Finally, 
ee, EE Bl Bs, Eo 


A theorem in mathematical analysis states that if two 
functions are continuous at a point T° in the domain S, then 
their sum is continuous at T°. Thus y is continuous.2 
Furthermore, it is intuitively clear that y is also single- 
valued, and Assumption (5) is satisfied. 
2. Assumption 6 

The next and last assumption to be verified is the 
homogeneity of degree zero of y and w in p and r, and Walras' 
Law. It has been shown for a specific case (see equation (33)) 
that this is true and the validity of Walras' Law is assumed. 


Let 
y = ax, + bx, = H(xj,X9) , oF, 


sia [ei 
1 ao H[£(WyrW)] 


eRere rence eee Od. 
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Substituting w = g(4£y 6X5 +P) gives, 


y= H{flg(r,-r,,p)]} . 


Substituting the values of wie wis W5 and we, 
1/y iy ee + 
Nat.) —(6,/r,)  (Ayp,) > 7 7 
1/y 1/y (oe tee y 
1 TiN, Tiley ay bi we a (icoy/ose)) a (cy am lc ue 


Now, let yt = H[nr,,nr5,np]. Thus, 


a,/Y B,/Y (a,+8,)/Y 
Meee tc, (1/t) > *¢ayey > Pay PoP 4y 
O4/Y Bo/Y (a,+B8.) /y 
ce) © a(t) a try = 7] 
= aA,C, + banc, ' where C, = x, and Co = Xp 


F. AN EQUILIBRIUM SOLUTION EXISTS 

Hence, y is homogeneous of degree zero. Similarly, it 
can be shown that “ae is also homogeneous of degree zero. 
Thus, Assumption (6) is satisfied and at least one solution 
exists for equations (40), (41) and (42) such that x > 0, 
p> 0Oandr>0O. A solution for equations (40), (41) and (42) 
using the appropriate equations in approach two will not be 


attempted here due to the complexity in calculation even just 
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foretwo sectors (n=2) and two primary input factors (k=2). 
Suffice it to say that the aggregate production function used 
in approach two together with the derived input demand 
functions (36a,36b) has an equilibrium solution in the 


framework of the Walras-Leontief general equilibrium system. 
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VII. CONCLUSION 


This study has attempted to formulate three methods of 
approach in analyzing the impact of a price change of primary 
input factor in a segment of an economy using input-output 
analysis and market mechanisms. This study has arrived at 
the following conclusions: 

1. The final equations arrived at in the first approach 
(equations 23, 24) are useful in making policy decisions 
relative to the change in price of a factor input. The 
direct relationship between the price of an input factor and 
the price of the jth good is established. Aside from being 
able to minimize price increase of the fees good by varying 
the matrix coefficients, this equation could be further used 
by looking closely at the other terms which were considered 
parameters. For example, the effects of changes in elasticities 
of demand for input factor and also those of the consumers' 
demand could be analyzed. The value of these results is that 
a number of important factors that affect market equilibrium 
are embedded in the equations. 

2. The use of the Cobb-Douglas aggregate production 
function to determine equilibrium output level and level of 
demand for input factor is another simple way of analyzing 
the impact of a change in price of a factor input ina 
segment of an economy. This function satisfies all the 


requirements of input-output economics. Furthermore, its 
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practical application can be realized since a which is the 
exponent of Wy (petroleum) can be calculated. This parameter 
could be assumed to be the ratio of the total petroleum 
expenditure to the total expenditure of all the energy 
sectors. The final equations (equations 44a, 44b) arrived at 
which define equilibrium have the price change in input 
factor included. This is a more useful result than the ones 
arrived at in the first approach, at the cost though of a 
set of more complicated equations. 

3. The third approach has shown that to incorporate 
all the equations which includes the consumer demand 
functions, the demand~supply equations for productive factors, 
the price-cost equations, and input-output equations, in 
equilibrium analysis becomes very difficult to mathematically 
follow. Nevertheless, it has been shown that the equations 
used in the second approach have an equilibrium solution 
which validates the results reached in the second approach. 

4, Finally, it should be noted that all three approaches 
were geared towards defining or specifying a new equilibrium 
state. The rationale behind this is that policy measures 
taken relative to an economic disturbance should be based 
or founded on the premise that such measures taken will 
result in equilibrium at the minimum price increases of 
output goods. Since this study was motivated by the increase 
in petroleum prices, the analyses made were geared towards 
using petroleum as a primary input factor into the energy 


sectors of an economy. Given that these sectors which 
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consume a significant portion of petroleum input could be 
isolated, and that an input-output system be established, 
i.e., input coefficients, both primary and intermediate, 
can be computed, then the approaches made in this study 


will find application in such a situation. 


74 





BIBLIOGRAPHY 


ieextan, C.S., Introduction to Input-Output Economics, 
1969. 


p. 24-46, Holt, Rinehart ana Winston Inc., 


2. Kogiku, K.C., Microeconomic Models, p. 161-170, Harper 
and Row, 1971. 


Bae wenderson, J.M., and Quandt, R.E., Microeconomic Theory, 
pemoe-s4, p. 132-136, McGraw-Hill Inc., 1971. z 


4, Morishima, M., Equilibrium Stability, and Growth, 
p. 1-31, Oxford Calendar Press, 1964. 


Beeebeeman, G.F., and Grabois, N.R., Linear Algebra and 
Multivariable Calculus, p. 90-92, McGraw-Hill, Inc., 1970. 
toneil, H. and Tilanus, C.B., "The Demand For Production 
Factors and the Price Sensitivity of Input-Output 
Predictions", International Economic Review, v. 5, 

p. 250-272, September 1964. 


7. Agarwala, R. and Goodson, G.C., "An Analysis of Consumer 
Goods' Prices in an Input-Output Framework," Oxford 
Economic Papers, p. 57-72, 22 March 1970. 


8. Tilanus, C.B., and Harkema, R., "Input-Output Predictions 
of Primary Demand, The Netherlands, 1948-1958," Review 
@e Fconomics Statistics, v. 53, p. ll-25, February 1971. 


Pmmeeocarl, F.M., Energy Modelling, Resources for the Future 
ic, Washington, D.C., 1973, 


10. Leontief, W.W. and others, Studies in the Structure of the 
American Economy, Oxford University Press, 1953. 


11. Houthakker, H.S., and Taylor, L.D., Consumer Demand in the 
United States: Analyses and Projections, Harvard University 
Press, 1970. 


i2e Fisher, J.C., Energy Crisis in Perspective, John Wiley 
and Sons, 1974. 





ithe succeeding references were not directly referred 
to but considered very informative in the course of the study. 


75 





ENTTIAL DISTRIBUTION LIST 


Defense Documentation Center 
Cameron Station 
Alexandria, Virginia 22314 


Library, Code 0212 
Naval Postgraduate School 
Monterey, California 93940 


Department Chairman, Code 55 
Department of Operations Research 
and Administrative Sciences 
Naval Postgraduate School 
Monterey, California 93940 


Assoc. Professor P.M. Carrick, Code 55Ca 
Department of Operations Research 
and Administrative Sciences 
Naval Postgraduate School 
Monterey, California 93940 


Director, National Economic and Development 
Moenonliy, R.P.,; 

Eno. Box 1116 

Manila, Philippines 


Flag-Officer-in-Command, Philippine Navy 
HPN Roxas Boulevard, Manila 
Philippines 


LT Clodualdo R. Francisco, Philippine Navy 


88D Road 1 lst West Crame 
San Juan, Rizal, Philippines 


. 76 


No. Copies 


2 














OL uYNA) “235 0p 
29 14 yey 2u679 


ee 








